We show how to prepare any graph state of up to seven qubits with controlled-Z gates. We also classify simple graphs of up to seven qubits into 45 categories using the concept of connected, non-isomorphic, and non-LC-equivalent graphs. Here, the purpose is to classify them according to several relevant physical properties for quantum information theory. In addition, we propose an efficient entanglement measure for measuring entanglement quantity of graph states.
Introduction
The entangled states have an essential role in qubit systems for usage in quantum information processing and communications as well. Graph states [1, 2] are a type of n-qubit pure state with multiple applications in quantum information processing. An n-qubit graph state G is a pure state associated to a graph ( , ) G V E  . The graph ( , ) G V E  provides both a recipe for preparing G and a mathematical characterization of G [1] . Graph states play several fundamental roles in quantum information theory, e.g, in quantum error-correction, quantum computation, quantum simulation, multipartite purification schemes, entanglement distillation protocols, Greenberger-Horne-Zeilinger (GHZ) or all-versus-nothing proofs of Bell's theorem.
Graph states are essential for quantum communication protocols, including entanglement-based quantum key distribution, teleportation, reduction of communication complexity, and secret sharing. The graph state formalism is a useful abstraction which permits a detailed classification of n-qubit entanglement. Van den Nest et al. [3] found that the successive application of a transformation is sufficient to generate the complete equivalence 
Basic Concepts
A graph state corresponding to the graph ( , ) G V E  is given by the following equation [1, 2] ( . )
, n ij
is an eigenstate of Pauli operator x  with eigenvalue +1. Then for each edge connecting two qubits, i and j, it is applied the controlled-Z gate between qubits i and j
In each n-qubit system, the number of quantum states is numerous, whereas the number of simple graph state is 2 2 n       , so for a three-qubit system, there are 8 graph states, for four-qubit system there are 64 graph states etc that their connected, non-isomorphic, and non-LC-equivalent graphs is plotted in Ref. [2] . Two graphs 1 
Multipartite Entanglement Measures
For multipartite systems, several measures of entanglement have been proposed. Here, we use two important entanglement measures namely generalized concurrence measure (C) and geometric measure (E) for measuring entanglement quantity of graph states. The generalized concurrence of a pure state was defined by Mintert et al. for n-partite systems as [6] [7] [8] [9]  
where  labels as all different subsystems of the n-partite system and   are the corresponding reduced density matrices that determined by taking the partial trace of     . Second, we consider the geometric measure of entanglement, which is for pure states defined via [10] [11] [12]  
as one minus the maximal squared overlap with fully product states. For mixed states, this entanglement monotone can be extended using the convex roof.
Efficient Entanglement Measure
Up to 7 qubits, there are 45 classes of graph states that are not equivalent under one-qubit unitary transformations [1, 2] . We first obtained 45 graph states corresponding to 45 graphs.
Then, by using Eqs. (3) and (4), we calculated the value of entanglement and we put them in Table 1 and Table 2 . In the last step, we compiled the classification result in Table 3 . The resolution power (RP) in Table 3 is calculated using the following equation
Therefore, the RP in Table 3 is the ratio of the number of classifications obtained from entanglement measures (Eqs. (3) and (4)) to the number of non-identical quantum states in each LC class. Using the method of comparing the results of this classification with equivalence classes of these graph states under local complementation (LC) operator that's mean the RP, the results show that the generalized concurrence is a suitable measure of entanglement than geometric measure for measuring entanglement quantity of multi-qubit graph states [13] . Table 3 . Classification of graph states up to seven qubits based on generalized concurrence and geometric measure.
In the second column, the number of graph states with n =2, 3, 4, 5, 6 and 7 vertices is listed that are categorized by 
Conclusions
We propose a new classification for the entanglement in graph states based on generalized concurrence and geometric measure. We also compare this classification with equivalence classes of these graph states under local complementation (LC) operator, and the obtained result suggests that generalized concurrence is a better measure than geometric measure. We obtained this fact by analyzing the results of the resolution power (RP). Our results suggest that the generalized concurrence is an efficient entanglement measure for measuring entanglement quantity of multi-qubit graph states. 
